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When simulating a complex stochastic system, the behavior of output response depends on input parameters
estimated from finite real-world data, and the finiteness of data brings input uncertainty into the system.
The quantification of the impact of input uncertainty on output response has been extensively studied. Most
of the existing literature focuses on providing inferences on the mean response at the true but unknown
input parameter, including point estimation and confidence interval construction. Risk quantification of
mean response under input uncertainty often plays an important role in system evaluation and control,
because it provides inferences on extreme scenarios of mean response in all possible input models. To the best
of our knowledge, it has rarely been systematically studied in the literature. In this paper, first we introduce
risk measures of mean response under input uncertainty, and propose a nested Monte Carlo simulation
approach to estimate them. Then we develop asymptotical properties such as consistency and asymptotic
normality for the proposed nested risk estimators. We further study the associated budget allocation problem
for efficient nested risk simulation, and finally use a sharing economy example to illustrate the importance
of accessing and controlling risk due to input uncertainty.
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1. INTRODUCTION AND MOTIVATION
For a complex real-world stochastic system, simulation is a powerful tool to analyze
its behavior when real experiments on the system are expensive or difficult to conduct.
Simulation is driven by input models that are distributions capturing the random-
ness in the system. For example, when simulating a queueing network, the random
customer arrival and service times are generated from appropriate distributions (i.e.,
input models). The uncertainty on input parameters (e.g., customer arrival rates and
service rates) may need to be taken into account, since they are typically estimated
from finite records of historical data. In general, there are two sources of uncertainty
in a typical stochastic simulation experiment: the extrinsic uncertainty on input pa-
rameters (referred to as input parameter uncertainty, or simply input uncertainty) that
reflects the variability of the finite data used to estimate input parameters, and the
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intrinsic uncertainty on output response (referred to as stochastic uncertainty) that
reflects the inherent stochasticity of the system.
The variability of simulation output response clearly depends on both in-
put uncertainty and stochastic uncertainty. An important question to address is
how to quantify the impact of input uncertainty on output response variabil-
ity in the presence of stochastic uncertainty. Various quantification methods have
been proposed, including frequentist and Bayesian methods among many oth-
ers. Frequentist methods include the Direct/Bootstrap Resampling methods by
[Barton and Schruben 1993; Barton and Schruben 2001], [Cheng and Holloand 1997],
etc. The input model for these methods can be a non-parametric empirical dis-
tribution or a parametric distribution estimated from historical data. Bayesian
methods include the Bayesian Model Averaging (BMA) methods by [Chick 2001],
[Zouaoui and Wilson 2003; Zouaoui and Wilson 2004], [Biller and Corlu 2011], etc. In
these methods, a Bayesian updating rule is applied on a chosen prior distribution of
input parameter to generate a posterior parameter distribution, which is then used as
the sampling distribution of input parameter in the simulation experiment. In addi-
tion to these methods, [Cheng and Holloand 1997] also develops the δ-method, which
decomposes the variance of output response into two components that are caused
by input uncertainty and stochastic uncertainty, respectively. [Song and Nelson 2015]
develops a method for quickly assessing the relative contribution of each input dis-
tribution to the overall variance. In recent years, with the rise of stochastic krig-
ing in stochastic simulation (e.g., [Ankenman et al. 2010]), meta-model assisted meth-
ods have been developed for quantifying input uncertainty, see [Barton et al. 2013],
[Xie et al. 2014; Xie et al. 2015], etc. [Henderson 2003] provides an early review on the
importance of input uncertainty and common methods to deal with it. [Barton 2012]
provides a more recent review on popular methods in output analysis under input un-
certainty, and highlights some remaining challenges in this area.
Some of the aforementionedworks aim at providing inferences on the mean response
at the true but unknown input parameter, often through point estimation and confi-
dence interval (CI) construction. Some others focus on obtaining an empirical distribu-
tion of mean response, and providing a more complete picture of all possible scenarios
of mean response under input uncertainty. However, to the best of our knowledge, rig-
orous quantification of extreme scenarios of mean response in all possible input models
is still lacking. Such quantification could provide inferences on system sensitivity or
robustness to input uncertainty, and thus would be critical for control of the system
especially when the decisions being made are irrevocable.
For example, consider the system of a call center. There is often a service-level agree-
ment in which there are penalties based on whether the fraction of calls answered
within a certain time period exceeds a threshold. After the number of operators being
determined, we can hardly change this decision and ask more operators to work tem-
porarily. In this situation, it is critical to assess and control the risk of low fraction of
calls answered, in all possible input models, since this might lead to penalties which
will affect the reputation of the company.
For another example, consider a large-scale power system. It is usually too expensive
or risky to conduct real experiments on the system operation, and therefore, stochastic
simulation is often used to study the economics, reliability, and emission variable ef-
fects of power systems operating in a market environment ([Degeilh and Gross 2015]).
In a typical power system simulation experiment, the inputs may include the resource
parameters, the loading (market demand) parameters, etc., which all exhibit variabil-
ity and uncertainty. The risk quantification and management of system performance
under input uncertainty is of great importance because extreme scenarios of mean re-
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sponse (e.g., high mean power loads during peak time) might cause a part or whole
breakdown of the power system and lead to disastrous outcomes.
In this paper, we aim to quantify the risk in stochastic simulation under input un-
certainty, by studying risk measures of mean response w.r.t. the distribution of input
parameter. We will focus on risk measures such as Value-at-Risk (VaR) and Condi-
tional Value-at-Risk (CVaR). Loosely speaking, VaR characterizes an extreme (e.g.,
99%) quantile of the mean response distribution, and CVaR characterizes the condi-
tional expectation of a tail portion of the mean response distribution. VaR, as one of
the very earliest risk measures introduced in financial risk management, is easy to
understand and interpret for practitioners. CVaR, as a classic coherent risk measure
(see, e.g., [Artzner et al. 1999]), exhibits nice properties such as convexity and mono-
tonicity for optimization (see, e.g., [Rockafellar and Uryasev 2000]). They have been
extensively used in financial industry, especially after the financial crisis in 2008. An
abundant literature has dedicated to studying the estimation and optimization of risk
measures under various settings; in particular, [Hong et al. 2014] provides a compre-
hensive review of Monte Carlo methods for VaR and CVaR.
We will introduce VaR and CVaR for quantifying the risk in stochastic simulation
under input uncertainty, and provide numerical schemes for their estimation. Specifi-
cally, we will study nested Monte Carlo estimators for VaR and CVaR of mean response
from both theoretical and computational perspectives. Our numerical examples illus-
trate the importance and necessity of risk quantification under input uncertainty. To
summarize, the contributions of this paper are three-fold:
(1) For output analysis in stochastic simulation, our work is among the first to system-
atically study risk quantification of mean response in all possible input models using
risk measures.
(2) Under the respective “Weak Assumption” and “Strong Assumption” (elaborated in
Section 3), we show that the proposed nested risk estimators are consistent in differ-
ent limiting senses. Under “Strong Assumption”, they are asymptotically normally
distributed as well, which is the guarantee for constructing asymptotically valid CIs.
(3)We solve the associated budget allocation problem that arises in nested simulation
of risk estimators, in order to improve simulation efficiency. The numerical study
demonstrates the effectiveness of our approach and shows that the obtained budget
allocation schemes drastically reduce the widths of the CIs constructed.
We note that, in a broader sense, our framework bears some similarity with
risk assessment in credit management, since both of them deal with simulat-
ing certain conditional expectations. The work most relevant to ours is probably
[Gordy and Juneja 2010], in which the authors study the asymptotic representation of
the Mean Squared Error (MSE) of nested risk estimators in credit risk management.
By minimizing MSE asymptotically, they obtain an (asymptotically) optimal budget
allocation scheme. In contrast, our work focuses on the analysis of asymptotical prop-
erties such as consistency and asymptotic normality of the proposed nested risk es-
timators. Furthermore, the associated budget allocation problem in our approach is
to minimize the widths of the wider half CIs, which is similar to the MSE criterion
in [Gordy and Juneja 2010] but from a different point of view. Moreover, we propose
a new approach to estimate all the parameters needed in the problem, so that this
budget allocation procedure can be used widely in practice.
Other common approaches for credit risk management include but not limited to the
delta-gamma method by [Rouvinez 1997], [Glasserman et al. 2000], etc; the two-level
confidence interval procedure with screening by [Lan et al. 2010], etc; the stochastic
kriging method by [Liu and Staum 2010], etc; the ranking and selection method by
[Broadie et al. 2011], etc. Among other relevant literature, [Lee 1998] studies point
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estimation of a quantile (VaR) of the distribution of a conditional expectation via
a two-level simulation; [Steckley 2006] considers estimating the density of a condi-
tional expectation using kernel density estimation; [Sun et al. 2011] studies efficient
nested simulation for estimating the variance of a conditional expectation. Most of
these works focus on efficient allocation of inner simulation sizes across different outer
scenarios, and [Lee 1998], [Steckley 2006], and [Sun et al. 2011] consider optimal allo-
cation between inner and outer sampling. Our work distinguishes from these works in
that we focus on the theoretical properties of nested risk estimators, and our budget al-
location scheme can be viewed as a byproduct of the theoretical properties established.
We do point out that varying inner-layer sample sizes across different outer-layer sce-
narios, as studied in some of the aforementioned works, could be further incorporated
here to improve simulation efficiency; however, it is beyond the scope of this paper.
The rest of the paper is organized as follows. In Section 2, we introduce risk mea-
sures VaR and CVaR of mean response w.r.t. input uncertainty, and propose nested risk
estimators for risk quantification in stochastic simulation under input uncertainty. In
Section 3, we establish the asymptotical properties of the proposed nested risk esti-
mators under different assumptions, and then construct asymptotically valid CIs. We
formulate the associated budget allocation problem and propose a new approach to
solve it in Section 4. In Section 5, we conduct numerical experiments to demonstrate
some of the theoretical results from previous sections. Conclusions are provided in
Section 6.
2. RISK MEASURES OF MEAN RESPONSE UNDER INPUT UNCERTAINTY
2.1. Formulation
Let us first rigorously define risk measures VaR and CVaR of mean response under
input uncertainty. In a stochastic simulation experiment, consider a response func-
tion in the form of h(θ; ξ), where θ represents the input parameter(s) and ξ represents
the noise (stochastic uncertainty) in the response. Let H(θ) = Eξ[h(θ; ξ)] be the mean
response, and thus h(θ; ξ) = H(θ) + E(θ; ξ), where E(θ; ξ) is the stochastic noise that
satisfies E[E(θ; ξ)|θ] = 0 and V ar[E(θ; ξ)|θ] = τ2θ . Here assume τ2θ is a finite determinis-
tic function of θ. Furthermore, suppose there is a probability distribution (called “belief
distribution”) on θ that reflects our belief on input uncertainty, since θ needs to be in-
ferred from finite historical data. For example, if one takes a Bayesian approach, then
the belief distribution is constructed via Bayesian updating. Of course, there are other
approaches such as bootstrapping. Specifically, suppose po(θ) is a prior distribution on
θ, and it could be either non-informative or informative depending on prior knowledge.
Then the posterior distribution p(·|x) is obtained via sequential Bayesian updating
with historical data x. Assume τ2 :=
∫
τ2θ p(θ|x)dθ is also finite.
Let 0 < α < 1 be the risk level of interest (e.g., α = 0.99). Then VaR of the mean
response H(θ), denoted by vα (Eξ[h(θ; ξ)]) (or interchangeably vα (H(θ))), is defined by
the α-quantile of H(θ), i.e.,
vα (H(θ))
△
= inf{t : F (t) ≥ α}, (2.1)
where F (·) is the cumulative distribution function (c.d.f.) of H(θ). When H(θ) admits a
positive and continuous probability density function (p.d.f.), which is denoted by f(·),
around vα (H(θ)), (2.1) can be simplified as vα (H(θ)) = F
−1(α). CVaR of H(θ), denoted
by cα (Eξ[h(θ; ξ)]) (or interchangeably cα (H(θ))), is defined by the conditional expecta-
tion of the α-tail distribution of H(θ), i.e.,
cα (H(θ))
△
= vα(H(θ)) +
1
1− αEp(·|x)
[
(H(θ)− vα(H(θ)))+
]
. (2.2)
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With slight abuse of notations, we use vα and cα as the abbreviations for vα (H(θ)) and
cα (H(θ)), respectively.
Calculating risk measures such as vα and cα is straightforward when the system
is simple. For example, when the p.d.f. of H(θ) admits an explicit expression, VaR or
CVaR of H(θ) could be calculated via numerical integration.
2.2. Nested Simulation of VaR and CVaR
Let us first consider Monte Carlo estimation of vα and cα without the presence of
stochastic uncertainty. That is, H(θ) can be evaluated exactly for all θ.
First, draw N i.i.d. scenarios θ1, ..., θN from the belief distribution p(θ|x); then, sim-
ulate {H(θi) : i = 1, ..., N} and sort them in ascending order, denoted by H(θ(1)) ≤
H(θ(2)) ≤ · · · ≤ H(θ(N)); finally, estimators of vα and cα are given, respectively, by
v̂α = H(θ(αN)),
ĉα = v̂α +
1
(1− α)N
N∑
i=1
(H(θi)− v̂α)+ ,
where for convenience we assume αN is an integer. Intuitively, v̂α is the α-level VaR of
the empirical mean response distribution consisting of {H(θ(i)) : i = 1, ..., N}. In paral-
lel, ĉα is the α-level CVaR of the empirical mean response distribution. The properties
of v̂α and ĉα have been well-studied in the literature. For example, although v̂α and ĉα
are not unbiased, they are strongly consistent and asymptotically normally distributed
under appropriate regularity conditions ([Sun and Hong 2010]).
When stochastic uncertainty is present, the exact value ofH(θ) might not be readily
available; instead, it is estimated via sample average. Naturally, to obtain estimators
of vα and cα, we can extend the estimation procedure described above by replacing
{H(θi)} with their sample average estimates {Ĥ(θi)}. Specifically, for each input sce-
nario θi, simulate M i.i.d. response samples {h(θi; ξij) : j = 1, ...,M}; then, approxi-
mate H(θi) by ĤM (θi) =
1
M
∑M
j=1 h(θi; ξij) and sort them in ascending order, denoted
by ĤM (θ
(1)) ≤ ĤM (θ(2)) ≤ · · · ≤ ĤM (θ(N)); finally, estimate vα and cα, respectively, by
v˜α = ĤM (θ
(αN)), (2.3)
c˜α = v˜α +
1
(1− α)N
N∑
i=1
(
ĤM (θi)− v˜α
)+
. (2.4)
We refer to v˜α or c˜α as “nested risk estimator”, since nested simulation is incurred
in the estimation. Due to nested simulation, the asymptotical properties of v˜α and c˜α
become more complicated. In next section, we will show that v˜α and c˜α maintain to
be strongly consistent and asymptotically normally distributed in different limiting
senses under different sets of regularity conditions. Hence, using them as inferences
for vα and cα, respectively, is still reasonable.
Note that the ordered statistics (θ(1), ..., θ(N)) and (θ(1), ..., θ(N)) are different. In
fact, for fixed input scenarios θ1, ..., θN , (θ(1), ..., θ(N)) is a constant vector, while
(θ(1), ..., θ(N)) is a random permutation of (θ(1), ..., θ(N)) that depends on the realiza-
tions of {h(θi; ξij)}.
Remark 2.1. In [Barton et al. 2013] and [Xie et al. 2014], the authors use nested
VaR estimator v˜ρ/2 and v˜1−ρ/2 as the lower-upper boundaries of a credible interval
(CrI) for H(θc) with confidence level (1 − ρ), where H(θc) is the mean response at the
true but unknown input parameter θc.
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3. ASYMPTOTIC ANALYSIS OF NESTED VAR AND CVAR ESTIMATORS
In this section, we analyze the asymptotical properties of nested risk estimators v˜α and
c˜α, as the inner and outer sample sizes both go to infinity. In particular, we will prove
their strong consistency and asymptotic normality in different limiting senses under
different sets of regularity assumptions, which are referred to as “Weak Assumption”
and “Strong Assumption”, respectively. Under “Weak Assumption”, the consistency re-
sult includes iterative limits which make it hard to use in practice. Thus, the stronger
result under “Strong Assumption” which allows the number of outer layer scenarios
and inner layer samples to go to infinity simultaneously will be of help.
ASSUMPTION 3.1. Weak Assumption.
(i) The response h(θ; ξ) has finite conditional second moment, i.e., τ2θ = E[h
2(θ; ξ)|θ] < ∞
w.p.1 and τ2 =
∫
τ2θ p(θ|x)dθ <∞.
(ii) The p.d.f. f(·) of the mean response H(θ) is positive and continuous, and continuously
differentiable around vα.
Assumption 3.1 is weak in the sense that it imposes separate assumptions on input
uncertainty and stochastic uncertainty. In contrast to the following Strong Assump-
tion, it does not impose joint assumptions on input uncertainty and stochastic uncer-
tainty.
Notice that
ĤM (θ) =
1
M
M∑
j=1
h(θ; ξj) =
1
M
M∑
j=1
(H(θ) + E(θ; ξj)) = H(θ) + 1
M
M∑
j=1
E(θ; ξj).
Let us define a normalized noise term E¯M by
E¯M △=
√
M · 1
M
M∑
j=1
E(θ; ξj).
By Central Limit Theorem, under appropriate assumptions E¯M has a limiting distribu-
tion asM →∞. Note that ĤM (θ) = H(θ) + E¯M/
√
M , then the effect of the diminishing
noise term E¯M/
√
M on the distribution of ĤM (θ) will vanish asM →∞. Therefore, we
expect the “distance” between the distribution of ĤM (θ) and the distribution of H(θ)
to vanish asM →∞. That is, for a fixed θ, f˜M → f asM →∞, where f˜M (·) represents
the p.d.f. of ĤM (θ). In particular, the following Strong Assumption guarantees that f˜M
converges to f sufficiently fast.
ASSUMPTION 3.2. Strong Assumption.
(i) The response h(θ; ξ) has finite conditional second moment, i.e., τ2θ = E[h
2(θ; ξ)|θ] < ∞
w.p.1 and τ2 =
∫
τ2θ p(θ|x)dθ <∞.
(ii) The joint density pM (h, e) of H(θ) and E¯M , and its partial derivatives ∂∂hpM (h, e) and
∂2
∂h2 pM (h, e) exist for eachM and for all pairs of (h, e).
(iii) There exist non-negative functions g0,M (·), g1,M (·) and g2,M (·) such that pM (h, e) ≤
g0,M (e),
∣∣ ∂
∂hpM (h, e)
∣∣ ≤ g1,M (e), ∣∣∣ ∂2∂h2 gM (h, e)∣∣∣ ≤ g2,M (e) for all (h, e). Furthermore,
sup
M
∫ |e|rgi,M (e)de <∞ for i = 0, 1, 2, and 0 ≤ r ≤ 4.
Assumption 3.2 is strong in the sense that it imposes joint assumptions on input
uncertainty and stochastic uncertainty. In particular, Assumption 3.2.(i) ensures that
E¯M has a limiting distribution as M → ∞; Assumption 3.2.(ii) and 3.2.(iii) (similar to
ACM Transactions on Modeling and Computer Simulation, Vol. 0, No. 0, Article 0, Publication date: 2017.
Risk Quantification in Stochastic Simulation under Input Uncertainty 0:7
Assumption 1 of [Gordy and Juneja 2010]) ensure that the difference between f˜M (·)
and f(·) is of the order O( 1M ). Assumption 3.2 holds when h(·, ·) is sufficiently smooth,
and the distributions of θ and ξ have good structural properties (e.g., finite moments up
to some order). Note that when Strong Assumption holds, Weak Assumption naturally
holds.
3.1. Consistency
It turns out, under Weak Assumption, nested risk estimators v˜α and c˜α are consistent
in the sense that they converge to vα and cα w.p.1, respectively, when M first goes to
infinity and then N goes to infinity. In particular, we have the following Theorem 3.3
on the consistency of v˜α and c˜α under Weak Assumption.
THEOREM 3.3. Consistency under Weak Assumption. Under Assumption 3.1,
we have
lim
N→∞
lim
M→∞
v˜α = vα, w.p.1, and lim
N→∞
lim
M→∞
c˜α = cα, w.p.1. (3.1)
PROOF. See Appendix A.
Note that in Theorem 3.3 the limits on N and M are iterated and non-
interchangeable. Intuitively, the inner sample size M going to infinity ensures that,
for any fixed θ, ĤM (θ)→ H(θ) w.p.1 (by Strong Law of Large Numbers). It follows that
for fixed θ1, ..., θN , (ĤM (θ
(1)), ..., ĤM (θ
(N))) → (H(θ(1)), ..., H(θ(N))) w.p.1. as M → ∞.
Therefore, v˜α → v̂α and c˜α → ĉα w.p.1 as M →∞. In view of the fact that v̂α → vα and
ĉα → cα w.p.1 as N →∞, Theorem 3.3 holds.
When Strong Assumption is imposed, we could strengthen the results in Theorem
3.3. In particular, the following Theorem 3.4 shows that the iterated limits on N and
M in Theorem 3.3 could be relaxed into simultaneous limits.
THEOREM 3.4. Consistency under Strong Assumption. Under Assumption 3.2,
we have
lim
N,M→∞
v˜α = vα, w.p.1, and lim
N,M→∞
c˜α = cα, w.p.1. (3.2)
PROOF. See Appendix B.
Theorem 3.4 implies v˜α and c˜α converge to vα and cα w.p.1, respectively, whenN and
M go to infinity simultaneously. The intuition is as follows. For an arbitrary M , let
us bound the difference between vα(ĤM (θ)) (or cα(ĤM (θ))) and vα(H(θ)) (or cα(H(θ))),
where note that vα(ĤM (θ)) is VaR of ĤM (θ) and cα(ĤM (θ)) is CVaR of ĤM (θ). As men-
tioned previously, Assumption 3.2 ensures that the difference between f˜M (·) and f(·)
is of the order O( 1M ). It follows that the difference between vα(ĤM (θ)) and vα(H(θ))
is also of the order O( 1M ). Furthermore, note that v˜α could be regarded as a one-layer
estimator of vα(ĤM (θ)), i.e.,
v˜α(H(θ)) = v̂α(ĤM (θ)).
Under Assumption 3.2, we could show that v̂α(ĤM (θ)), i.e., v˜α(H(θ)), converges to
vα(ĤM (θ)) w.p.1 uniformly for all M as N → ∞. Therefore, v˜α(H(θ)) converges to
vα(H(θ)) w.p.1 as N andM go to infinity simultaneously. Hence, Theorem 3.4 holds.
Remark 3.5. Given the same set of assumptions, Propositions 2 and 3 in
[Gordy and Juneja 2010] suffice the proof of Theorem 3.4, but we can hardly derive
the normality result from them. However, the lemma B.1-B.4 used in our proof can
directly lead to Theorem 3.6. In this respect, our proof has its own value.
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3.2. Asymptotic Normality and Confidence Intervals
After showing the consistency of v˜α and c˜α, it is natural to consider their asymptotic
normality properties and construct the associated CIs. Since we need iterative limits
in the consistency result under “Weak Assumption”, it can hardly be used in practice.
So we will only consider the case under “Strong Assumption”. Following the idea in
proving Theorem 3.4, the error of v˜α (or c˜α) is decomposed into two components that
respectively account for the one-layer simulation error due to input uncertainty and
the simulation bias due to stochastic uncertainty. In particular,
v˜N,Mα − vα =
(
v˜N,Mα − v˘Mα
)
+
(
v˘Mα − vα
)
:= Err1 +Bias1 (3.3)
and
c˜N,Mα − cα =
(
c˜N,Mα − c˘Mα
)
+
(
c˘Mα − cα
)
:= Err2 +Bias2. (3.4)
where v˘Mα = vα(ĤM (θ)) and c˘
M
α = cα(ĤM (θ)). Here Err1 (or Err2) is caused by in-
put uncertainty, and Bias1 (or Bias2) is caused by stochastic uncertainty. By properly
choosingN andM , we can control the bias. Specifically, we have the following Theorem
3.6 on the asymptotic normality of v˜α and c˜α.
THEOREM 3.6. Normality under Strong Assumption.
Define a function
Λ(t) = 1/2f(t)E[τ2θ |H(θ) = t].
Under Assumption 3.2, the existence of the limit K2 = lim
N,M→∞
N/M2 is a sufficient
and necessary condition for
lim
N,M→∞
√
N (v˜α − vα) D= σvN (0, 1)+|K|µv and lim
N,M→∞
√
N (c˜α − cα) D= σcN (0, 1)+|K|µc,
(3.5)
where σv :=
√
α(1− α)/f(vα), σc :=
√
V ar[(H(θ)− vα)+]/(1− α), µv = −Λ
′(vα)
f(vα)
and
µc =
Λ(vα)
(1−α) .
PROOF. See Appendix C.
Theorem 3.6 is consistent with the results in [Gordy and Juneja 2010] on the char-
acterizations of the asymptotic variances of v˜α and c˜α. We also note that Theorem 3.6
is stronger in that it directly leads to the results in [Gordy and Juneja 2010]. Specif-
ically, by minimizing MSE, [Gordy and Juneja 2010] shows that the variance and the
bias of a nested risk estimator are balanced when the sample size pair (N,M) lives
in the regime of N = O(M2). Theorem 3.6 here shows a stronger result that a nested
risk estimator is asymptotically normally distributed if and only if (N,M) lives in the
regime of N = |K|M2.
Following Theorem 3.6, we can construct CIs for vα and cα of confidence level (1−β):[
v˜α +
tβ/2,N−1σ̂v√
N
− µ̂v
M
, v˜α +
t1−β/2,N−1σ̂v√
N
− µ̂v
M
]
(3.6)
and [
c˜α +
tβ/2,N−1σ̂c√
N
− µ̂c
M
, c˜α +
t1−β/2,N−1σ̂c√
N
− µ̂c
M
]
, (3.7)
where σ̂v, µ̂v, σ̂c and µ̂c are sample estimates of σv, µv, σc and µc, respectively, and tγ,L
represents the γ-quantile of a t-distribution with degree of freedom L. The term f(vα)
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in σv can be estimated using Gaussian kernel density estimation ([Steckley 2006]),
and σc can be estimated directly via sample average. The estimation of µv and µc is
more tricky as they involve expectation and gradient terms that could not be estimated
directly. We will leave the detailed discussion on their estimation to Section 4.
Remark 3.7. It is worth mentioning that we could probably avoid estimating f di-
rectly by using more “data driving” schemes such as sectioning and bootstrapping. This
is an interesting future direction but beyond the scope of this paper. At the same time,
the method we choose is easy to use and works quite well in the numerical experiments
(see Section 5).
Note that the CI in (3.6) or (3.7) only depends on N , when N = o(M2). In this case
the bias term due to stochastic uncertainty is of the order O( 1M ), and thus it will be
asymptotically insignificant compared with the O( 1√
N
) error term. We refer to the CIs
in (3.6) and (3.7) as “CIs under Strong Assumption”.
The following Theorem 3.8 shows that CIs under Strong Assumption are asymptot-
ically valid which means they will achieve a coverage probability of (1− β).
THEOREM 3.8. Asymptotic Validity of CIs.
Under Assumption 3.2, the CIs defined in (3.6) and (3.7) are asymptotically valid
when N = o(M2) exists, i.e.,
lim
N,M→∞
Pr{lbsv ≤ vα ≤ ubsv} = 1− β and lim
N,M→∞
P{lbsc ≤ cα ≤ ubsc} = 1− β,
where lbsv and ub
s
v denote the lower and upper boundaries of the CI in (3.6), and lb
s
c and
ubsc denote the lower and upper boundaries of the CI in (3.7), respectively.
PROOF. See Appendix D.
Remark 3.9. Here we only consider the case when N = o(M2) (or equivalently K =
0) instead of K ≥ 0. This is because when K > 0, it is difficult to guarantee that the
estimate of the bias term is sufficiently accurate when N andM go to infinity, since we
use a cubic basis function in the regression.
4. BUDGET ALLOCATION
In practical simulation, usually there is a simulation budget that affects the choices
of N and M . Intuitively, the outer sample size N determines the simulation error due
to input uncertainty, while the inner sample size M determines the simulation error
due to stochastic uncertainty. Therefore, choosing N and M appropriately is critical
to balance the trade-off between capturing input uncertainty and capturing stochastic
uncertainty, and improve overall efficiency.
As shown in previous section, under Strong Assumption, the error of nested risk es-
timator v˜α (or c˜α) could be decomposed into an error component caused by input uncer-
tainty and a bias component caused by stochastic uncertainty. Within this framework,
[Gordy and Juneja 2010] proposes to minimize the asymptotic MSE, i.e., the summa-
tion of variance and squared bias, of v˜α. The result is an (asymptotically) optimal bud-
get allocation scheme, N = O(M2), that balances between the outer-layer sampling
error and the inner-layer sampling bias.
An alternative approach to improving simulation efficiency is to formulate the opti-
mal budget allocation problem by minimizing the width of the CI, noting that the CI in
(3.6) or (3.7) are not centered at v˜α (or c˜α). It may not even include v˜α (or c˜α) when the
bias dominates the standard deviation. So instead of minimizing the half width, one
could minimize the largest possible difference between the true value vα (or cα) and
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the point estimate v˜α (or c˜α) under the specified high probability (such as 95%). This
difference turns out to be the wider half of the CI in (3.6) or (3.7) and can be written
as:
Wv(N,M)
△
=
t1−β/2,N−1σ̂v√
N
+ | µ̂v
M
|, (4.1)
and
Wc(N,M)
△
=
t1−β/2,N−1σ̂c√
N
+ | µ̂c
M
|. (4.2)
For simplicity, we will refer toWv (orWc) as the “wider-half CI width”.
The budget allocation problem can be formulated as follows. Let C(N,M) := c1N +
c2NM be the total computational cost, where c1 is the cost for simulating one input
parameter scenario, and c2 is the cost for simulating one response sample. Of course,
there could be other minimization criteria such as the overall computational complex-
ity, and they can be minimized in a similar manner. Let CB be the total simulation
budget. Consider the following CI width minimization problem
min
N,M
Wv(N,M) or min
N,M
Wc(N,M)
s.t. C(N,M) ≤ CB s.t. C(N,M) ≤ CB
N ≥ Γ0, M ≥ Γ0 N ≥ Γ0, M ≥ Γ0, (1− α)NM ≥ Γ0
N,M ∈ Z+ N,M ∈ Z+
. (4.3)
Here the constraints N ≥ Γ0,M ≥ Γ0 and (1 − α)NM ≥ Γ0 are imposed to ensure the
validity of a t-statistics, and a typical choice for Γ0 is 30.
Before solving problem (4.3), we still need to compute or estimate the “variance
terms” and “bias terms” σv, µv, σc, and µc in the objective function, since in practice
they are usually unknown or unavailable. A common fix is to run a pilot experiment
with a small fraction of total simulation budget, and estimate the variance terms us-
ing the samples from the pilot experiment. Let us use σ˜v, µ˜v, σ˜c and µ˜c to denote the
estimates of σv, µv, σc and µc from the pilot experiment, respectively. σ˜v and σ˜c could
be the natural sample average estimates; however, they might be very inaccurate since
it involves rare-event simulation with few samples. For example, recall that
σ2c =
V ar
[
(H(θ)− vα)+
]
(1− α)2 =
1
(1 − α)2
{
E
[(
(H(θ) − vα)+
)2]
−
(
E
[
(H(θ)− vα)+
])2}
.
This indicates that estimation of σ2c is at least as difficult as estimation of vα. Using
naive sample average to estimate σc causes most of the samples to be ineffective, and
thus resulting in an inaccurate estimate σ˜c. In fact, theoretically only (1−α) fraction of
the samples will be effective; since α is close to 1, the percentage of effective samples
is small. To be more specific, suppose α = 0.99 and N = 100 scenarios of H(θ) are
generated in the pilot experiment. Then theoretically only one scenario will be effective
and used in the estimation, since the rest 99 scenarios result in a simple value of 0.
The issue with naive sample average method is that the information about the un-
derlying distribution carried by the ineffective samples is not utilized. In contrast, a
good estimation method usually makes use of the information carried by all the sam-
ples. For example, using (adaptive) importance sampling turns some of the ineffective
samples into effective samples, and thus improves accuracy; however, this approach is
not readily applicable here because we lack the knowledge about the p.d.f. of the mean
response distribution.
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Next, we will propose a new approach to estimating the variance terms that exploits
the information carried by all the samples generated in the pilot experiment. Recall
that
σ2v = α(1− α)/f2(vα), µv =
−Λ′(vα)
f(vα)
,
and
σ2c = V ar
[
(H(θ)− vα)+
]
/(1− α)2, µc = Λ(vα)
(1− α) ,
where
Λ(t) = 1/2f(t)E[τ2θ |H(θ) = t].
The challenges are three-fold: (i) the lack of an explicit formula for f(·); (ii) the lack of a
functional representation for τ2(·) in the function Λ(t), where τ2(y) := E[τ2θ |H(θ) = y];
(iii) the lack of the gradient of Λ(t).
To address the first challenge, we apply a technique called “density projection”. That
is, we project the discrete empirical distribution of H(θ) onto a parameterized family
of continuous densities. Then the resultant projection, which is a continuous density,
will be used as an approximation of f(·), and σ˜v and σ˜c are computed via numerical
integration. The detailed description of density projection is as follows.
A projection mapping from a space of probability distributions P to another space
consisting of a parameterized family of densities F , denoted as ProjF : P → F , is
defined by
ProjF (g)
△
= argmin
f∈F
DKL(g ‖ f), ∀g ∈ P , (4.4)
whereDKL(g ‖ f) denotes theKullback-Leibler (KL) divergence between g and f , which
is
DKL(g ‖ f) △=
∫
g(x) log
g(x)
f(x)
dx.
Here note that the densities g and f are assumed to have the same support. Hence, the
projection of g on F has the minimum KL divergence from g among all densities in F .
Loosely speaking, the projection of g on F is the best approximation of g one can find
in F . When F is an exponential family of densities, which includes common families of
densities such as Gaussian, the minimization problem (4.4) has an analytical solution.
Note that this technique utilizes the information carried by all the samples.
Remark 4.1. If i.i.d. samples of g are generated to compute ProjF (g), then the
proposed density projection technique is equivalent to maximum likelihood estimation.
Furthermore, if F is an exponential family of densities with sufficient statistics that
consist of polynomials, then density projection is equivalent to method of moments.
To address the second challenge, we apply regression for τ2(y) onto the space ofH(θ),
and use the samples from the pilot experiment to train the regression model. Simple
numerical tests show that a polynomial regression with basis functions consisting of
polynomials (degree≤ 3) of H(θ) is sufficiently good.
The third challenge is resolved naturally to this end because we have the closed form
ofΛ(t) as a function of t. In particular, f(t) is now a normal probability density function,
and τ2(y) is a polynomial function. Thus, we can compute the gradient analytically.
After plugging the approximate terms σ˜v, µ˜v, σ˜c and µ˜c into problem (4.3), it remains
to solve the minimization problem. Solving it analytically to optimality is unlikely be-
cause the problem might not possess structural properties such as convexity. In par-
ticular, the first constraint C(N,M) ≤ CB is concave. Alternatively, we can enumerate
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a reasonable amount of candidate allocation schemes (e.g., a two-dimensional grid of
feasible allocation schemes), and choose a scheme that yields the smallest CI width.
We also point out that it is beneficial to consider a more sophisticated budget alloca-
tion scheme in which the inner sample size varies across different input (parameter)
scenarios. For example, in the estimation of vα, the input scenarios that heavily affect
estimation accuracy are the ones with mean responses close to vα. In particular, for
a specific input scenario, it affects estimation accuracy if the true mean response of
that input scenario falls into one side of vα while its estimation falls into the other
side. In this case, the inner sample size for this input scenario should be increased to
reduce the probability of such event. This problem has been studied in the setting of
nested credit risk assessment using ranking and selection ([Broadie et al. 2011]) and
screening ([Lan et al. 2010]), etc.
5. NUMERICAL EXPERIMENTS
5.1. CIs under Strong Assumption
We first use a simple numerical example from [Gordy and Juneja 2010] to show the va-
lidity of our CI procedures under Strong Assumption. In particular, consider H(θ; ξ) =
N (0, 1)+N (0, 1), a summation of two independent standard normal random variables.
In [Gordy and Juneja 2010], the first N (0, 1) represents the (outer-layer) portfolio loss
distribution and the second N (0, 1) represents the (inner-layer) pricing error. Clearly,
this example does not fit into our input uncertainty framework. The reason for using it
is that the exact risk values, and all variance and bias parameters admit closed-form
expressions. Thus, strong CI procedure are precise.
Performance measures of interest include wider-half CI widths and actual coverage
probability, i.e., the probability that the true risk value falls into the simulated CI.
In particular, we will run the simulation 1000 times independently and identically to
compute the two performance measures, in which the budget allocation scheme from
minimizing the wider-half CI widths in previous section is employed. The results for
VaR and CVaR are summarized in Table I.
Table I. Strong CI Procedures in VaR and CVaR Estimation.
VaR CVaR
C(N,M) Nw Mw Wider Half Coverage Ns Ms Wider Half Coverage
CI Width Probability CI Width Probability
104 865 12 0.2096 93.9% 824 13 0.2477 94.1%
105 4015 25 0.0983 94.5% 3826 27 0.1163 94.4%
106 18634 54 0.0456 95.1% 17758 57 0.0544 95.1%
107 86491 116 0.0212 95.5% 82429 122 0.02533 95.2%
Note: The risk level of interest α = 0.95, the target confidence level (1− β) = 0.95, and the total simu-
lation cost C(N,M) = NM +N . The pair (Nw,Mw) is the budget allocation obtained by minimizing
the wider-half CI width. The coverage probabilities are obtained via 1000 independent and identical
runs of simulation.
The numerical results show that: 1) As expected, strong CI procedure generates CIs
with coverage probabilities around 95%. 2) When we increase the total budget, the
coverage will increase while the wider-half CI width will decrease. Thus, the strong
procedure can provide us a very good estimation (high coverage, small CI) if we have
large budget. 3) the optimal budget allocations for VaR and CVaR are almost the same,
which means we can minimize the two wider-half CI widths at the same time.
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5.2. Sharing Economy Model
Let us consider another example for risk quantification under input uncertainty— a
sharing economymodel. This new type of economy refers to businesses such as local de-
livery, car sharing and house sharing. We can model it as a two-sided market in which
two distinct user groups, buyers and sellers, trade with each other under the regula-
tion made by the organizer/agent. In general the organizer is responsible for pricing,
with the aim to maximize the revenue or clear the marketplace. Usually, both demand
and supply depend on the price. Specifically, when the price is higher, more sellers will
come while more buyers will be lost, and vice versa. We can further model this as a
queueing system (see [Banerjee et al. 2015]) and make the following assumptions:
(1) Buyers and sellers’ arrivals follow Poisson processes.
(2) Buyers and sellers are homogeneous in terms of price sensitivity.
(3) Buyers and sellers all follow the First Come First Serve rule.
(4) Every buyer only needs one product, and at the same time each seller only has one
product available to sell.
(5) Lost Order: If a buyer enters the market and finds no sellers left, the buyer will
exit the market immediately.
Denote the basic arrival rates of buyers and sellers by Λo and Mo, respectively, and
θo := (Λo,Mo). Let p be the price. In general, when a buyer (seller) enters the market,
after learning the price, the buyer (seller) will buy/sell the product (if available) with
probability f(p) (g(p) for sellers). Note that f(p) and g(p) could be viewed as the func-
tions that describe users’ sensitivities to the price. One of the common choices for f(p)
and g(p) is
f(p) =
exp(−αp)
1 + exp(−αp) , (5.1)
g(p) =
1
1 + exp(−βp) (5.2)
where α and β are the price sensitivity coefficients. Since in general buyers are more
sensitive to the price change, we also assume α > β. Notice that f(p) is strictly de-
creasing, and g(p) is a strictly increasing function. Thanks to the nice properties of
general Poisson processes, the actual arrivals of buyers and sellers (meaning the ones
that do offer to buy or sell) under price p also follow Poisson processes with rates λ(p)
and µ(p), respectively, where
λ(p) = Λof(p) (5.3)
µ(p) = Mog(p). (5.4)
The response of interest for the organizer is the unfulfilled rate H(θo, p) (i.e the
probability of an order from buyers being lost) because it measures to what extent
the marketplace is cleared while managing the service rate and the queue length of
the sellers. In particular, the organizer could control the unfulfilled rate H(θo, p) by
adjusting the price dynamically.
Remark 5.1. Usually, the organizer will not try to find a price that minimizes
H(θo, p). Intuitively, when the price is very high, there will be more sellers than buyers
in the market. In this case, the unfulfilled rate is close to 0. However, this scenario
might not be of the best interest to the organizer since the organizer’s objective might
be maximizing the revenue or social welfare (which is very common in a two-sided
market). Another example is that the organizer might want to maximize the expected
number of fulfilled orders while controlling the unfulfilled rate. That is, we need to
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solve the following stochastic optimization problem:
max
p
E[N(θo, p)(1−H(θo, p))]
s.t. H(θo, p) ≤ 0.05,
p > 0,
where N(θo, p) is the total number of buyers entering the market. This problem could
be solved by simulation optimization methods, which is beyond the scope of this paper.
Here we focus on estimating the unfulfilled rates under different prices. The chal-
lenge is that we do not know the basic arrival rates θo exactly. In practice, we have to
collect data to estimate them, and hence input uncertainty plays a crucial role. Our ob-
jective is to estimate the risk associated with unfulfilled rate due to input uncertainty.
In this numerical experiment, the values of Λo and Mo are known to us (the judges)
but not known to the experimenter. Take Λo = 5, Mo = 2, α = 0.2, β = 0.1 and
p = 2, 3, 4, 5. To model input uncertainty, we take a Bayesian approach to construct
the belief distribution on input parameters—the basic Poisson arrival rates Λo and
Mo. Specifically, assume non-informative priors for both Λo andMo, i.e., po(Λo) ∝ 1/Λo
and po(Mo) ∝ 1/Mo. Based on n = 10, 100, 10000 historical observations of Λo and Mo
(drawn from the corresponding distributions with the true parameters), a Bayesian
updating is applied to obtain the posterior distributions of Λo and Mo. In particu-
lar, denote the historical observations of Λo by x = (x1, ..., xn). Then the updating
on the posterior distribution of Λo is carried out analytically and leads to p(Λo|x) =
Λn−1o exp (−Λo
∑n
i=1 xi), which is a Gamma distribution with shape parameter n and
scale parameter 1/(
∑n
i=1 xi). Similarly, let y = (y1, ..., yn) be the historical observations
of Mo. Then the posterior distribution of Mo is p(Mo|y) = Mn−1o exp (−Mo
∑n
i=1 yi)—a
Gamma distribution with shape parameter n and scale parameter 1/(
∑n
i=1 yi). The ob-
jective is to estimate vα and cα (α = 0.90, 0.95, 0.99) of unfulfilled rate w.r.t. the posterior
parameter distributions p(Λo|x) and p(Mo|y), and construct the associated 100(1−β)%
CIs (β = 0.05).
Before we apply the strong CI procedure, first we need verify whether the Strong
Assumption holds. In this example, the parameter θo = (Λo,Mo). What we want to es-
timate is a probability, so here h(θo, ξ) is a Bernoulli random variable with the probabil-
ity of success equals to H(θo, p). Thus it has a finite conditional second moment. In ad-
dition, E¯M can be written as B(M,h))/
√
M −√Mh, where B(·, ·) is a Binomial random
variable. Notice that in practice we usually choose M large enough to make sure the
estimate is accurate. Hence, we can use the normal approximation N (Mh,Mh(1− h))
here to replace the Binomial distribution. We denote this conditional probability den-
sity function as fM,h(e) whose second derivative exists and is continuous. Then the
joint density pM (h, e) is the product of fM,h(e) and f(h). The exponential term in the
normal distribution will ensure the second and third items in the Strong Assumption
are satisfied.
In particular, we draw N = 10000 input parameter scenarios from p(Λo|x) and
p(Mo|y). Furthermore, for each input parameter scenario, we draw M = 2000 sam-
ples of buyer’s arrival and count how many of their orders are lost. Finally, vα and cα
of the unfulfilled rate are estimated via (2.3) and (2.4), respectively. The simulation
results are summarized in Table II and III.
We have the following observations:
(1) In general, there is a significant gap between the mean (column 3) and VaR or CVaR
(columns 4 to 6) of unfulfilled rate w.r.t. input uncertainty. It implies that risk quan-
tification in stochastic simulation under input uncertainty is necessary. Moreover,
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Table II. VaR (with 95% CI) of Unfulfilled Rate.
p n Mean V aRα1 V aRα2 V aRα3
Half Width wider-half CI width wider-half CI width wider-half CI width
2 10 0.2109 0.5275 0.601 0.722
4.20×10−3 7.50×10−3 8.20×10−3 1.12×10−2
2 100 0.4875 0.58 0.602 0.6425
1.50×10−3 3.10×10−3 3.70×10−3 5.80×10−3
2 10000 0.4598 0.4875 0.4955 0.509
4.70×10−4 4.40×10−3 5.60×10−3 8.30×10−3
3 10 0.6743 0.836 0.862 0.8975
3.00×10−3 3.00×10−3 3.10×10−3 2.90×10−3
3 100 0.2207 0.359 0.3905 0.45
2.10×10−3 3.80×10−3 4.40×10−3 6.80×10−3
3 10000 0.3508 0.3825 0.3915 0.408
5.30×10−4 3.80×10−3 4.90×10−3 7.30×10−3
4 10 0.1201 0.401 0.4995 0.638
3.40×10−3 8.10×10−3 7.90×10−3 1.44×10−2
4 100 0.3674 0.4805 0.508 0.558
1.80×10−3 3.50×10−3 4.20×10−3 5.90×10−3
4 10000 0.235 0.2705 0.2805 0.3
5.80×10−4 3.00×10−3 4.00×10−3 6.20×10−3
5 10 0.1371 0.4305 0.5175 0.65
3.60×10−3 7.30×10−3 9.20×10−3 1.31×10−2
5 100 0.1128 0.252 0.2905 0.36
1.90×10−3 4.20×10−3 5.00×10−3 8.10×10−3
5 10000 0.008 0.127 0.139 0.16
6.10×10−4 2.00×10−3 2.80×10−3 4.60×10−3
Note: The experiment parameters are: Λo = 5, Mo = 2, N = 10000, M = 2000, α1 = 0.90,
α2 = 0.95, and α3 = 0.99.
when n is really small (such as n = 10), there is no clear pattern how the mean value
changes when p increases. This is because the error caused by input uncertainty is
too large and overwhelms the estimation.
(2)When n is large, the gap between the mean and VaR or CVaR becomes small. In-
tuitively, as more input data become available, the belief distribution on input pa-
rameter becomes more concentrated on the values close to the true one. Therefore,
loosely speaking, the mean response distribution is also more concentrated on the
values close to the true mean response, and essentially reduces the risk of large
unfulfilled rate.
(3) Under the same level of input uncertainty, especially when n is small, we can see the
gap between the mean and VaR or CVaR becomes more significant as p increases.
For example, when n = 100, V aRα1 is only 1.2 times of mean for p = 2 while this
number is more than 3 for p = 5. This is because when µ(p) approaches the buyers’
arrival rate λ(p), the system becomes less stable and the risk in simulation due
to input uncertainty is more significant. Therefore, more input data is required to
reduce such risk to an acceptable level.
In order to show how input uncertainty might affect the pricing scheme, we further
study how VaR and CVaR estimates behave around the optimal price (about 5 dollars)
under different levels of input uncertainty. In particular, we take three different in-
put data sizes n = 100, 1000, 10000. For each n, we estimate the mean, VaR0.95 and
CVaR0.95 and their 95% CIs under the price range of 4.8 to 5.1. The results are shown
in Figure 1, where lines with different colors show the trends of the mean, VaR and
CVaR, and bars at different points represent the corresponding CIs.
We have the following observations:
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Table III. CVaR (with 95% CI) of Unfulfilled Rate.
p n Mean CV aRα1 CV aRα2 CV aRα3
Half CI Width wider-half CI width wider-half CI width wider-half CI width×10−3
2 10 0.2109 0.6181 0.6722 0.7611
4.20×10−3 7.30×10−3 8.40×10−3 1.06×10−2
2 100 0.4875 0.6078 0.6253 0.6585
1.50×10−3 3.60×10−3 4.30×10−3 6.30×10−3
2 10000 0.4598 0.4975 0.5039 0.517
4.70×10−4 5.90×10−3 7.00×10−3 9.80×10−3
3 10 0.6743 0.8665 0.8845 0.9128
3.00×10−3 2.60×10−3 2.70×10−3 3.80×10−3
3 100 0.2207 0.3999 0.4265 0.4747
2.10×10−3 4.20×10−3 5.20×10−3 8.10×10−3
3 10000 0.3508 0.394 0.4014 0.4159
5.30×10−4 5.10×10−3 6.10×10−3 8.60×10−3
4 10 0.1201 0.5167 0.583 0.6873
3.40×10−3 9.10×10−3 9.90×10−3 1.32×10−2
4 100 0.3674 0.5163 0.5394 0.5795
1.80×10−3 4.00×10−3 4.90×10−3 7.50×10−3
4 10000 0.235 0.2834 0.2918 0.3076
5.80×10−4 4.10×10−3 5.00×10−3 7.20×10−3
5 10 0.1371 0.5336 0.5982 0.6991
3.60×10−3 8.40×10−3 9.60×10−3 1.35×10−2
5 100 0.1128 0.3012 0.3328 0.3927
1.90×10−3 4.70×10−3 5.90×10−3 9.80×10−3
5 10000 0.008 0.1419 0.1515 0.1692
6.10×10−4 2.80×10−3 3.50×10−3 5.50×10−3
Note: The experiment parameters are: Λo = 5, Mo = 2, N = 10000, M = 2000, α1 = 0.90, α2 = 0.95, and
α3 = 0.99.
(1) In all three plots, as n increases, mean, VaR, and CVaR approach the real unfulfilled
rate (solid blue line).
(2) Obviously, all the plots of VaR and CVaR are above the true unfulfilled rate, indi-
cating the risk caused by input uncertainty exists and cannot be ignored. If input
uncertainty is not considered carefully, the price we find will be much different from
the real optimal price. In this case, the organizer will lose their profits because of
the low price or the lack of orders.
(3) Under the same price, input uncertainty will greatly affect the CIs’ widths for VaR
and CVaR. In particular, when we use more observations to estimate Λo and Mo,
the CIs will be narrower. Together with the first observation, we can minimize the
influence of the input uncertainty by collecting more input data.
(4) It is not clear from this figure how does price affect CIs’ width due to the small price
range of 4.8 to 5.1. But from previous results, we can know that the length (half-
width for the mean, wider-half CI width for VaR and CVaR) increases as the price
increases in certain cases.
We finally study the associated budget allocation problem. Note that for VaR estima-
tion and CVaR estimation, the budget allocation problemmight yield different optimal
allocation schemes. Let C(N,M) = NM + N and CB = 5 × 106. We use Npilot = 100
outer scenarios andMpilot = 50 inner samples for each scenario in the pilot experiment
to guide the budget allocation in the actual experiment. In total, only 0.1% percent of
total budget is consumed, so the budget for the actual experiment is minimally af-
fected. To show the effectiveness of the pilot experiment, we plot the wider-half CI
widths for different choices of N in Figure 2, where the blue curves are the wider-
half CI widths calculated using terms estimated from the pilot experiment, and the
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Fig. 1. Behavior of VaR, CVaR, Mean around Optimal Price
The experiment parameters are: Λo = 5,Mo = 2,α = 0.95, N = 2500,M = 2000.
red curves are the wider-half CI widths calculated using the true values obtained by
brute-force simulation (i.e., using extremely large sample sizes).
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Fig. 2. VaR and CVaR wider-half CI width: Pilot Run V.S. Brute-Force Run
The experiment parameters are: Λo = 5,Mo = 2, p = 4, α = 0.95, and the size of input data n = 100.
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We have the following observations:
(1) In both plots, although there is a non-negligible gap between the wider width (blue
curve) computed using the terms estimated from the pilot experiment and the true
wider width (red curve), the curves follow the same trend and their minima almost
coincide. This implies that solving the formulated budget allocation problem could
identify the optimal budget allocation scheme. In light of the fact that only 0.1%
of the total simulation budget is used, we could claim that our budget allocation
problem and its solution strategy provide effective guidance in determining good
budget allocation schemes.
(2) By comparing the difference between the maximum and minimum of the red curves,
we can see that using an optimal budget allocation scheme could narrow a CI by
at least 2 times. When the total simulation budget is limited, solving the budget
allocation problem is very beneficial.
(3) The best budget allocation schemes for VaR and CVaR estimation are quite similar.
In particular, the optimalN for constructing CI of VaR and CVaR are around 2×103.
(4) It is worth mentioning that the wider width for both VaR and CVaR estimation
appears to be first decreasing in N , since the input uncertainty dominates the sim-
ulation error when N is not large enough. When N has approached certain level,
stochastic uncertainty starts to play a more important role.
In conclusion, the simulation results for the sharing economy model provide em-
pirical evidences for the importance and necessity of risk quantification in stochastic
simulation under input uncertainty, as well as the advantages of solving the associated
budget allocation problem for efficient nested simulation.
6. CONCLUSION
In the present paper, we introduce risk quantification in stochastic simulation under
input certainty, which rigorously quantifies extreme scenarios of mean response in
all possible input models. In particular, we propose nested Monte Carlo simulation to
estimate VaR or CVaR of mean response w.r.t. input uncertainty. We prove the asymp-
totical properties (consistency and normality) of the resultant nested risk estimators
in different limiting senses under different sets of regularity conditions. We further
use the established properties to construct (asymptotically valid) CIs, and propose a
practical framework of optimal budget allocation for improving the efficiency of nested
risk simulation. Lastly, we study a sharing economy example to illustrate the impor-
tance of accessing and controlling risk due to input uncertainty, and to demonstrate
the effectiveness of our budget allocation scheme. The work in this paper can be viewed
as a starting point of research on more general risk measures for risk quantification
under input uncertainty.
On the other hand, the naive nested risk estimators considered here could be re-
strictive in risk quantification under input uncertainty for large-scale systems, due to
the inefficiency of naive rare-event simulation. The budget allocation problem solved
in this paper partially addresses this issue in the sense that it leads to good outer ver-
sus inner sample size trade-off in reducing CI width. Developing more sophisticated
budget allocation schemes will be a promising direction of future research.
APPENDIX
A. PROOF OF THEOREM ??
For simplicity, let us use v̂Nα , ĉ
N
α , v˜
N,M
α , and c˜
N,M
α to denote v̂α, ĉα, v˜α, and c˜α, respec-
tively. Therefore, we need to show that
lim
N→∞
lim
M→∞
v˜N,Mα = vα, w.p.1, and lim
N→∞
lim
M→∞
c˜N,Mα = cα, w.p.1.
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In view of the error decomposition
v˜N,Mα − vα =
(
v˜N,Mα − v̂Nα
)
+
(
v̂Nα − vα
)
and c˜N,Mα − cα =
(
c˜N,Mα − ĉNα
)
+
(
ĉNα − cα
)
,
it is sufficient to show that
lim
N→∞
(
v̂Nα − vα
)
= 0, w.p.1. and lim
N→∞
(
ĉNα − cα
)
= 0, w.p.1. (A.1)
and for fixed N and θ1, ..., θN ,
lim
M→∞
(
v˜N,Mα − v̂Nα
)
= 0, w.p.1. and lim
M→∞
(
c˜N,Mα − ĉNα
)
= 0, w.p.1. (A.2)
To establish (A.1), we need the following lemma, and its proof can be found in online
appendix.
LEMMA A.1. Under Assumption 3.1.(ii),
(
v̂Nα − vα
)
=
1
f(vα)
(
α− 1
N
N∑
i=1
1{H(θi) ≤ vα}
)
+AN , (A.3)
(
ĉNα − cα
)
=
(
1
N
N∑
i=1
[
vα +
1
1− α (H(θi)− vα)
+
]
− cα
)
+BN , (A.4)
where AN = Oa.s.(N
−3/4(logN)3/4), BN = Oa.s.(N−1 logN). Here note that the state-
ment g(N) = Oa.s.(h(N)) means that g(N) ≤ C · h(N) almost surely for some constant
C.
Notice that 1N
N∑
i=1
1{H(θi) ≤ vα} is an unbiased sample estimator of α. By Strong
Law of Large Numbers,
lim
N→∞
1
N
N∑
i=1
1{H(θi) ≤ vα} − α = 0, w.p.1.
Combining with the fact lim
N→∞
AN = 0, w.p.1, lim
N→∞
(
v̂Nα − vα
)
= 0, w.p.1. To show the
latter half of (A.1), notice that 1N
N∑
i=1
[
vα +
1
1−α (H(θi)− vα)+
]
is an unbiased sample
estimator of cα. Furthermore, by Assumption 3.1.(i),
E[H2(θ)] = E[E2[h(θ; ξ)|θ]] =
∫
E
2[h(θ; ξ)|θ]f(θ)dθ ≤
∫
E[h2(θ; ξ)|θ]f(θ)dθ <∞.
Therefore, V ar(H(θ)) is finite and V ar(vα +
1
1−α (H(θ)− vα)+) is also finite. By Strong
Law of Large Numbers,
lim
N→∞
1
N
N∑
i=1
[
vα +
1
1− α (H(θi)− vα)
+
]
− cα = 0, w.p.1.
Combining with the fact lim
N→∞
BN = 0, w.p.1, lim
N→∞
(
ĉNα − cα
)
= 0, w.p.1. (A.1) has been
established.
It remains to establish (A.2) for fixed N and scenarios θ1, ..., θN . That is, we need to
show for fixed N and scenarios θ1, ..., θN ,
lim
M→∞
ĤM (θ
(αN))−H(θ(αN)) = 0, w.p.1, (A.5)
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lim
M→∞
(
1
(1− α)N
N∑
i=αN
ĤM (θ
(i))− 1
(1− α)N
N∑
i=αN
H(θ(i))
)
= 0, w.p.1. (A.6)
Recall that for any θi, i = 1, ..., N , E[h(θi; ξ)|θi] = H(θi) and V ar[h(θi; ξ)|θi] = τ2i < ∞,
where we use τ2i to denote τ
2
θi
with slight abuse of notations. By Strong Law of Large
Numbers, we have for i = 1, ...N , ĤM (θi)
M→∞→ H(θi), w.p.1. Let Ωi ⊆ Ω be the set
of such convergent scenarios for i = 1, ..., N , where Ω is the underlying sample space.
Thus P (Ωi) = 1. Denote Ω¯ :=
⋂N
i=1Ωi, the intersection of all convergent scenario sets.
Clearly, by Boole’s Inequality P (Ω¯) = 1. Let us also denote, for any scenario w ∈ Ω¯,
ĤwM (θ) as the sample realization of ĤM (θ), i = 1, .., N . Therefore, ∀w ∈ Ω¯
lim
M→∞
(ĤwM (θ1), ..., Ĥ
w
M (θN )) = (H(θ1), ..., H(θN )). (A.7)
Let ǫ := 13 min{H(θi)−H(θj) : H(θi) 6= H(θj) i 6= j, i, j = 1, ..., N}. By definition, (A.7)
implies that there exists a sufficient large Mǫ such that ∀M ≥ Mǫ, |ĤwM (θi) −H(θi)| <
ǫ, i = 1, ..., N. It follows that, ∀M ≥Mǫ, and i, j such that H(θi) 6= H(θj),
ĤwM (θ(i)) < Ĥ
w
M (θ(j))
If there exists i < j such that H(θi) = H(θj), we simply write Ĥ
w
M (θi) < Ĥ
w
M (θj)
whatever their real order is. We can make this assumption here because we only care
about the order sequence of different H . No matter which one of these two estimates
is larger, since both of them converge to the same H , the order sequence of H does not
change. Then we have
ĤwM (θ(1)) < Ĥ
w
M (θ(2)) < · · · < ĤwM (θ(N)).
That is, ∀M ≥ Mǫ, the sampling error so small that the order sequence of the mean
response is not perturbed.
Thus, ∀M ≥Mǫ, (θ(1)w , .., θ(N)w ) = (θ(1), ..., θ(N)), where θ(i)w is the sample realization of
θ(i) with scenario w. Therefore, for any scenario w ∈ Ω¯,
lim
M→∞
ĤwM (θ
(αN)
w ) = lim
M→∞
ĤwM (θ(αN)) = H(θ(αN)),
and
lim
M→∞
1
(1− α)N
N∑
i=αN
ĤwM (θ
(i)
w ) = lim
M→∞
1
(1− α)N
N∑
i=αN
ĤwM (θ(i)) =
1
(1 − α)N
N∑
i=αN
H(θ(i)).
Notice P (Ω¯) = 1, (A.5) and (A.6) naturally hold.
B. PROOF OF THEOREM ??
Recall we need to show that
lim
N,M→∞
v˜N,Mα = vα, w.p.1, and lim
N,M→∞
c˜N,Mα = cα, w.p.1.
In addition to the notations previously introduced in Appendix A, let us further use
v˘Mα and c˘
M
α to denote vα(ĤM (θ)) and cα(ĤM (θ)), respectively. That is, v˘
M
α and c˘
M
α
are the exact α-level VaR and CVaR of noised mean response ĤM (θ), respectively.
As mentioned after Theorem 3.4, in view of the fact that v˜α(H(θ)) = v̂α(ĤM (θ)) and
c˜α(H(θ)) = ĉα(ĤM (θ)), v˜
N,M
α and c˜
N,M
α could be regarded as the one-layer Monte Carlo
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estimator of v˘Mα and c˘
M
α , respectively. This observation inspires us to consider the fol-
lowing error decomposition
v˜N,Mα −vα =
(
v˜N,Mα − v˘Mα
)
+
(
v˘Mα − vα
)
and c˜N,Mα −cα =
(
c˜N,Mα − c˘Mα
)
+
(
c˘Mα − cα
)
. (B.1)
Therefore, it is sufficient to show that
lim
M→∞
v˘Mα = vα and lim
M→∞
c˘Mα = cα, (B.2)
and uniformly for allM ,
lim
N→∞
v˜N,Mα = v˘
M
α w.p.1 and lim
N→∞
c˜N,Mα = c˘
M
α w.p.1. (B.3)
Let us first establish (B.2). The following lemmas will be useful, and we refer to online
appendix for the proofs.
LEMMA B.1. Under Assumption 3.2, if a sequence tM → t as M → ∞, then
f˜M (tM ) → f(t) and f˜ ′M (tM ) → f ′(t) as M → ∞, where recall f˜M (·) is the p.d.f. of
noised mean response ĤM (θ).
LEMMA B.2. Under Assumption 3.2,
v˘Mα = vα +
−Λ′(vα)
Mf(vα)
+ oM (
1
M
),
where the function Λ(t) = 1/2f(t)E[τ2θ |H(θ) = t] and oM ( 1M ) means this quantity goes
to zero faster than 1M (almost surely).
LEMMA B.3. Under Assumption 3.2,
c˘Mα = cα +
Λ(vα)
(1 − α)M + oM (
1
M
). (B.4)
LEMMA B.4. Under Assumption 3.2,
(
v˜N,Mα − v˘Mα
)
=
1
f˜(v˘Mα )
(
α− 1
N
N∑
i=1
1{ĤM (θi) ≤ v˘Mα }
)
+Oa.s.(N
−3/4(logN)3/4), (B.5)
(
c˜
N,M
α − c˘
M
α
)
=
(
1
N
N∑
i=1
[
v˘
M
α +
1
1− α
(
ĤM (θi)− v˘
M
α
)+]
− c˘
M
α
)
+Oa.s.(N
−1 logN), (B.6)
where Oa.s.(N
−3/4(logN)3/4) and Oa.s.(N−1 logN) hold uniformly for allM .
By Lemma B.2 and Lemma B.3, (B.2) naturally holds. Furthermore, Lemma B.4
implies (B.3).
C. PROOF OF THEOREM ??
Follow the notations in Appendix A and B, we need to show that under Assumption 3.2,
the existence of the limit K2 = lim
N,M→∞
N/M2 is a sufficient and necessary condition
for
lim
N,M→∞
√
N
(
v˜N,Mα − vα
) D
= σvN (0, 1) + |K|µv, (C.1)
lim
N,M→∞
√
N
(
c˜N,Mα − cα
) D
= σcN (0, 1) + |K|µc. (C.2)
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By Lemma B.2, B.3 and B.4, we have
(
v˜N,Mα − vα
)
= Err1 +Bias1 =
1
f˜(v˘Mα )
(
α− 1
N
N∑
i=1
1{ĤM (θi) ≤ v˘Mα }
)
+
−Λ′(vα)
Mf(vα)
+ oM (
1
M
) +Oa.s.(N
−3/4(logN)3/4),
(
c˜N,Mα − cα
)
= Err2 +Bias2 =
(
1
N
N∑
i=1
[
v˘Mα +
1
1− α
(
ĤM (θi)− v˘Mα
)+]
− c˘Mα
)
+
Λ(vα)
(1− α)M + oM (
1
M
) +Oa.s.(N
−1 logN).
Note that v˘Mα → vα, c˘Mα → cα, and f˜(v˘Mα )→ f(vα) asM →∞. We have
lim
M→∞
1
f˜(v˘Mα )
(
α− 1{ĤM (θ) ≤ v˘Mα }
)
=
1
f(vα)
(α− 1{H(θ) ≤ vα}) , w.p.1,
and
lim
M→∞
(
v˘Mα +
1
1− α
(
ĤM (θ)− v˘Mα
)+
− c˘Mα
)
=
(
vα +
1
1− α (H(θ)− vα)
+ − cα
)
, w.p.1.
What’s more,
σ2v = V ar
[
1
f(vα)
(α− 1{H(θi) ≤ vα})
]
=
1
f2(vα)
V ar [1{H(θ) ≤ vα}] = α(1 − α)
f2(vα)
,
and
σ2c = V ar
[[
vα +
1
1− α (H(θi)− vα)
+
]
− cα
]
=
1
(1− α)2 V ar
[
(H(θ)− vα)+
]
.
Therefore, by Central Limit Theorem, (C.1) and (C.2) hold if and only if K2 =
lim
N,M→∞
N/M2 exists.
D. PROOF OF THEOREM ??
When N = o(M2), the bias terms will be asymptotically insignificant compared with
the O( 1√
N
) error term. The CI in (3.6) and (3.7) will become[
v˜α +
tβ/2,N−1σ̂v√
N
, v˜α +
t1−β/2,N−1σ̂v√
N
]
(D.1)
and [
c˜α +
tβ/2,N−1σ̂c√
N
, c˜α +
t1−β/2,N−1σ̂c√
N
]
. (D.2)
So we just need to show the following limits limN→∞ limM→∞P{|Err1| ≤ 2
t1−β/2,N−1σ̂v√
N
} = 1− β,
lim
N→∞
lim
M→∞
P{|Err2| ≤ 2 t1−β/2,N−1σ̂c√N } = 1− β.
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where recall that Err1, Err2 are defined in (3.3) and (3.4). In view of the fact that a
Student’s t-distribution converges to a standard normal distribution as the degree of
freedom goes to infinity, the almost sure convergence of variance estimators by Strong
Law of Large Numbers, and the consistency of kernel density estimation, these limits
naturally hold following Theorem 3.6.
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Proof of Lemma A.1.
PROOF. The asymptotical representation (A.3) is exactly Theorem 2.5.1 in
[Serfling 2009] under Assumption 3.1.(ii). The asymptotical representation (A.4) is
the special case of Theorem 2 in [Sun and Hong 2010], when the importance sampling
measure L ≡ 1.
Proof of Lemma B.1.
PROOF. This result is exactly Lemma 1 in [Gordy and Juneja 2010]. For conve-
nience, we will briefly present the proof. Recall that ĤM (θ) = H(θ) + E¯M/
√
M , where
(H(θ), E¯M ) has a joint distribution pM (h, e). Therefore,
f˜M (tM ) =
∫
R
pM (tM − e/
√
M, e)de and f(t) =
∫
R
pM (t, e)de.
It follows that
f˜M (tM )− f(t) =
∫
R
(
pM (t− e/
√
M, e)− pM (t, e)
)
de.
By Taylor series expansion, this equals
(tM − t)
∫
R
∂
∂t
pM (tˇM , e)de− 1√
M
∫
R
e
∂
∂t
pM (tˇM , e)de,
where tˇM lives in between tM and t. By Assumption 1 and the fact that tM → t as
M →∞, both terms converge to zero asM →∞.
Proof of Lemma B.2.
PROOF. This result is very similar to Proposition 1 in [Gordy and Juneja 2010]. The
proof here will mainly follow [Gordy and Juneja 2010]’s proof.
Recall that F˜M (·) is the c.d.f. of the noised mean response ĤM (θ), and v˘Mα is the exact
α-level VaR of ĤM (θ). Thus, F˜M (v˘
M
α ) = α. By Taylor expansion, we have
α = F˜M (v˘
M
α ) = F˜M (vα) + (v˘
M
α − vα)f˜M (vα) +
(v˘Mα − vα)2
2
f˜ ′M (vˇ
M
α ),
where vˇMα lives in between v˘
M
α and vα. Therefore,
α− F˜M (vα) = (v˘Mα − vα)f˜M (vα) +
(v˘Mα − vα)2
2
f˜ ′M (vˇ
M
α ), (.3)
Furthermore, notice that
F˜M (vα) =
∫ vα
−∞
f˜M (t)dt =
∫
R
∫ vα−e/√M
−∞
pM (t, e)dtde, (.4)
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and
α = F (vα) =
∫ vα
−∞
f(t)dt =
∫
R
∫ vα
−∞
pM (t, e)dtde. (.5)
Combining (.4) and (.5), we have
α− F˜M (vα) =
∫
R
∫ vα
vα−e/
√
M
pM (t, e)dtde. (.6)
By Taylor expansion, we have
pM (t, e) = pM (vα, e) + (t− vα) ∂
∂t
pM (vα, e) +
(t− vα)2
2
∂2
∂t2
pM (vˇα, e),
where vˇα lives in between vα and t. Hence,
α− F˜M (vα) =
∫
R
∫ vα
vα−e/
√
M
pM (vα, e)dtde+
∫
R
∫ vα
vα−e/
√
M
(t− vα) ∂
∂t
pM (vα, e)dtde
+
∫
R
∫ vα
vα−e/
√
M
(t− vα)2
2
∂2
∂t2
pM (vˇα, e)dtde. (.7)
The first term of the right hand side of (.7) satisfies∫
R
∫ vα
vα−e/
√
M
pM (vα, e)dtde =
∫
R
e√
M
pM (vα, e)de =
f(vα)√
M
E[E¯M |H(θ) = vα] = 0.
The second term of (.7) satisfies∫
R
∫ vα
vα−e/
√
M
(t− vα) ∂
∂t
pM (vα, e)dtde = − 1
2M
∫
R
e2
∂
∂t
pM (vα, e)de
= − 1
2M
∂
∂t
∫
R
e2pM (vα, e)de
= − 1
2M
∂
∂t
f(vα)E[τ
2
θ |H(θ) = vα]
= − 1
M
Λ′(vα).
By Assumption 3.2, the third term of (.7) is in the order of OM (M
− 3
2 ). Therefore,
α− F˜M (vα) = − 1
M
Λ′(vα) +OM (M−
3
2 ). (.8)
Combining (.8) with (.3), we have
(v˘Mα − vα)f˜M (vα) +
(v˘Mα − vα)2
2
f˜ ′M (vˇ
M
α ) = −
1
M
Λ′(vα) +OM (M−
3
2 ),
where note that by Assumption 3.2, it is easy to see that f˜ ′M (t) is uniformly bounded
for all t andM . Combining with Lemma B.1, Lemma B.2 holds.
Proof of Lemma B.3.
PROOF. The result here is very similar to Proposition 3 in [Gordy and Juneja 2010],
and our proof will mainly follow [Gordy and Juneja 2010]’s proof. Note that by Mean
Value Theorem,
c˘Mα =
1
1− αE
[
H˜M (θ) · 1{H˜M (θ) ≥ v˘Mα }
]
=
1
1− α
∫ ∞
v˘Mα
tf˜M (t)dt
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=
1
1− α
∫ ∞
vα
tf˜M (t)dt+
1
1− α
∫ vα
v˘Mα
tf˜M (t)dt
=
1
1− αE
[
H˜M (θ) · 1{H˜M (θ) ≥ vα}
]
+
1
1− α (vα − v˘
M
α )tv f˜M (tv),
where tv lives in between vα and v˘
M
α . By Lemma B.2, we know
1
1− α (vα − v˘
M
α )tvf˜M (tv) =
vαΛ
′(vα)
(1 − α)M + oM (
1
M
).
Therefore,
c˘Mα =
1
1− αE
[
H˜M (θ) · 1{H˜M (θ) ≥ vα}
]
+
vαΛ
′(vα)
(1− α)M + oM (
1
M
).
Further notice that
1
1− αE
[
H˜M (θ) · 1{H˜M (θ) ≥ vα}
]
=
1
1− α
∫
R
∫ ∞
vα−e/
√
M
(t+ e/
√
M)pM (t, e)dtde,
cα =
1
1− αE [H(θ) · 1{H(θ) ≥ vα}] =
1
1− α
∫
R
∫ ∞
vα
tpM (t, e)dtde,
and ∫
R
∫ ∞
vα
epM (t, e)dtde =
∫ ∞
vα
E[E˜M |H(θ) = t]f(t)dt = 0.
Therefore,
c˘Mα − cα =
1
1− α
(∫
R
∫ vα
vα−e/
√
M
tpM (t, e)dtde +
1√
N
∫
R
e
∫ vα
vα−e/
√
M
pM (t, e)dtde
)
+
vαΛ
′(vα)
(1− α)M + oM (
1
M
). (.9)
Similar to the derivation (by taking Taylor expansion) from (.6) to (.8), we have
1
1− α
∫
R
∫ vα
vα−e/
√
M
tpM (t, e)dtde = − Λ(vα)
(1− α)M −
vαΛ
′(vα)
(1− α)M +OM (M
− 3
2 ), (.10)
and
1
1− α
1√
N
∫
R
e
∫ vα
vα−e/
√
M
pM (t, e)dtde = 2
Λ(vα)
(1− α)M +OM (M
− 3
2 ). (.11)
Combining (.9), (.10), and (.11), (B.4) holds and Lemma B.3 is proven.
Proof of Lemma B.4.
PROOF. Let us first establish (B.5). For simplicity, let us use G(·) and G˜M (·) to
denote the inverse functions of F (·) and F˜M (·), respectively. Furthermore, denote
U(θ) = F˜M (ĤM (θ)). Clearly, ĤM (θ) = G˜M (U(θ)) and v˘
M
α = G˜M (α). It is easy to
see that U(θ) is uniformly distributed over [0, 1]. Moreover, from the relationship
ĤM (θ(1)) < · · · < ĤM (θ(N)), we know that U(θ(1)) < · · ·U(θ(N)) is the correspond-
ing order statistics of N i.i.d. uniformly distributed random variables. Furthermore,
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let us use F̂Nu (·) to denote the sample c.d.f. induced by U(θ1), ..., U(θN ). That is
F̂Nu (t) =
1
N
N∑
i=1
1{U(θi) ≤ t}.
By Lemma A.1, we know that
U(θ(αN))− α =
(
α− 1
N
N∑
i=1
1{U(θi) ≤ α}
)
+Oa.s.(N
−3/4(logN)3/4). (.12)
Furthermore, by Taylor expansion,
v˜N,Mα = ĤM (θ(αN)) = G˜M (U(θ(αN)))
= G˜M (α) + (U(θ(αN))− α)G˜′M (α) +
(U(θ(αN))− α)2
2
G˜′′M (u)
= v˘Mα +
1
f˜M (v˘Mα )
(U(θ(αN))− α) +
(
− f˜
′
M (G˜M (u))
f˜3M (G˜M (u))
)
(U(θ(αN))− α)2
2
,
where u lives in between U(θ(αN)) and α, and we use the facts that G˜M (α) = v˘
M
α ,
G˜′M (α) = 1/f˜M (v˘
M
α ), and G˜
′′
M (u) = f˜
′
M (G˜M (u))/f˜
3
M (G˜M (u)). Therefore,
v˜N,Mα − v˘Mα =
1
f˜M (v˘Mα )
(U(θ(αN))− α) +
(
− f˜
′
M (G˜M (u))
f˜3M (G˜M (u))
)
(U(θ(αN))− α)2
2
. (.13)
On the other hand, by Lemma 2.5.4B in [Serfling 2009], we have for sufficiently large
N
|U(θ(αN))− α| ≤ 2N− 12 (logN)
1
2 .
Combining with (.12) and (.13), we have
v˜N,Mα − v˘Mα =
1
f˜M (v˘Mα )
{(
1
N
N∑
i=1
1{U(θi) ≤ α} − α
)
+Oa.s.(N
−3/4(logN)3/4)
}
=
1
f˜M (v˘Mα )
(
1
N
N∑
i=1
1{U(θi) ≤ α} − α
)
+
1
f˜M (v˘Mα )
Oa.s.(N
−3/4(logN)3/4)
=
1
f˜M (v˘Mα )
(
1
N
N∑
i=1
1{ĤM (θi) ≤ v˘Mα } − α
)
+
1
f˜M (v˘Mα )
Oa.s.(N
−3/4(logN)3/4). (.14)
Notice that f˜M (v˘
M
α ) is strictly positive and f˜M (v˘
M
α ) → f(vα) as M → ∞. Therefore,
sup
M
1/f˜M(v˘
M
α ) <∞. Thus, (B.5) holds.
It remains to show (B.6). Notice that by definition
c˜N,Mα − c˘Mα =
1
(1− α)N
N∑
i=1
ĤM (θi)1{ĤM (θi) ≥ v˜N,Mα } − c˘Mα
= v˜N,Mα +
1
(1− α)N
N∑
i=1
(
ĤM (θi)− v˜N,Mα
)+
− c˘Mα
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=
(
1
N
N∑
i=1
[
v˘Mα +
1
1− α
(
ĤM (θi)− v˘Mα
)+]
− c˘Mα
)
+
(
v˜N,Mα − v˘Mα
)
+
1
(1− α)N
N∑
i=1
[(
ĤM (θi)− v˜N,Mα
)+
−
(
ĤM (θi)− v˘Mα
)+]
=
(
1
N
N∑
i=1
[
v˘Mα +
1
1− α
(
ĤM (θi)− v˘Mα
)+]
− c˘Mα
)
+ (∗),
where
(∗) := (v˜N,Mα − v˘Mα )+ 1(1 − α)N
N∑
i=1
[(
ĤM (θi)− v˜N,Mα
)+
−
(
ĤM (θi)− v˘Mα
)+]
.
We only need to show that (∗) is in the order of Oa.s.(N−1 logN) uniformly for all M .
Note that the second term in (∗)
1
(1− α)N
N∑
i=1
[(
ĤM (θi)− v˜N,Mα
)+
−
(
ĤM (θi)− v˘Mα
)+]
=
1
(1− α)N
N∑
i=1
[(
ĤM (θi)− v˜N,Mα
)
1{ĤM (θi) ≥ v˜N,Mα }
−
(
ĤM (θi)− v˘Mα
)
1{ĤM (θi) ≥ v˘Mα }
]
=
1
(1− α)N
N∑
i=1
[(
v˘Mα − v˜N,Mα
)
1{ĤM (θi) ≥ v˜N,Mα }
]
+
1
(1− α)N
N∑
i=1
(
ĤM (θi)− v˘Mα
) [
1{ĤM (θi) ≥ v˜N,Mα } − 1{ĤM (θi) ≥ v˘Mα }
]
=
1
(1− α)N
(
v˘Mα − v˜N,Mα
)
+
1
(1 − α)N
N∑
i=1
[(
v˜N,Mα − v˘Mα
)
1{ĤM (θi) ≤ v˜N,Mα }
]
+
1
(1− α)N
N∑
i=1
(
ĤM (θi)− v˘Mα
) [
1{ĤM (θi) ≤ v˘Mα } − 1{ĤM (θi) ≤ v˜N,Mα }
]
=
1
(1− α)N
(
v˘Mα − v˜N,Mα
)
+
1
(1 − α)N
N∑
i=1
[(
v˜N,Mα − v˘Mα
)
1{ĤM (θi) ≤ v˜N,Mα }
]
+ (∗ ∗ ∗),
where
(∗ ∗ ∗) = 1
(1− α)N
N∑
i=1
(
ĤM (θi)− v˘Mα
) [
1{ĤM(θi) ≤ v˘Mα } − 1{ĤM (θi) ≤ v˜N,Mα }
]
.
Further note that(
v˜N,Mα − v˘Mα
)
+
1
(1− α)N
(
v˘Mα − v˜N,Mα
)
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+
1
(1− α)N
N∑
i=1
[(
v˜N,Mα − v˘Mα
)
1{ĤM (θi) ≤ v˜N,Mα }
]
=
1
(1− α)
(
v˜N,Mα − v˘Mα
) [ 1
N
N∑
i=1
1{ĤM (θi) ≤ v˜N,Mα } − α
]
=
1
(1− α)
(
v˜N,Mα − v˘Mα
) [ 1
N
N∑
i=1
1{U(θi) ≤ U(θ(αN))} − α
]
=
1
(1− α)
(
v˜N,Mα − v˘Mα
) (
F̂Nu (U(θ(αN)))− α
) △
= (∗∗).
Note that (∗) = (∗∗) + (∗ ∗ ∗), we only need to show that (∗∗) and (∗ ∗ ∗) both are in the
order of Oa.s.(N
−1 logN) uniformly for allM .
By Lemma 2.5.4B in [Serfling 2009], we know that for sufficiently large N (can be
verified this is uniform for allM , as in (.14))
|v˜N,Mα − v˘Mα | ≤
2
f˜M (v˘Mα )
N−
1
2 (logN)
1
2 . (.15)
Moreover, by applying Theorem 2.5.1 and Lemma 2.5.4B in [Serfling 2009] on U(θ), we
have for sufficiently large N
|F̂Nu (α) − α| = 2N−
1
2 (logN)
1
2 +Oa.s.(N
−3/4(logN)3/4). (.16)
Applying Lemma 2.5.4B and Lemma 2.5.4E (with c0 = 2, q = 1/2) in [Serfling 2009] on
U(θ), we have for sufficiently large N
|F̂Nu (U(θ(αN)))− F̂Nu (α)| = 2N−
1
2 (logN)
1
2 +Oa.s.(N
−3/4(logN)3/4). (.17)
Combining (.16) and (.17), we have for sufficiently large N
|F̂Nu (U(θ(αN)))− α| ≤ 4N−
1
2 (logN)
1
2 +Oa.s.(N
−3/4(logN)3/4).
Combining with (.15), we have for sufficiently large N (uniform for allM )
(∗∗) = 8
f˜M (v˘Mα )
(
N−1 (logN) +Oa.s.(N−5/4(logN)5/4)
)
In view of the fact that sup
M
1/f˜M (v˘
M
α ) <∞, we have (∗∗) in the order ofOa.s.(N−1 logN)
uniformly for all M . What is left is show (∗ ∗ ∗) is also in the order of Oa.s.(N−1 logN)
uniformly for allM .
|(∗ ∗ ∗)| =
∣∣∣∣∣ 1(1− α)N
N∑
i=1
(
ĤM (θi)− v˘Mα
) [
1{ĤM(θi) ≤ v˘Mα } − 1{ĤM (θi) ≤ v˜N,Mα }
]∣∣∣∣∣
≤ 1
(1− α)
∣∣v˜N,Mα − v˘Mα ∣∣
∣∣∣∣∣ 1N
N∑
i=1
1{ĤM (θi) ≤ v˘Mα } −
1
N
N∑
i=1
1{ĤM (θi) ≤ v˜N,Mα }
∣∣∣∣∣
=
1
(1− α)
∣∣v˜N,Mα − v˘Mα ∣∣
∣∣∣∣∣ 1N
N∑
i=1
1{U(θi) ≤ α} − 1
N
N∑
i=1
1{U(θi) ≤ U(θ(αN))}
∣∣∣∣∣
=
1
(1− α)
∣∣v˜N,Mα − v˘Mα ∣∣ ∣∣∣F̂Nu (U(θ(αN)))− F̂Nu (α)∣∣∣ .
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By (.15) and (.17), we have for sufficiently large N (uniform for allM )
(∗∗) ≤ 1
(1− α)
∣∣v˜N,Mα − v˘Mα ∣∣ ∣∣∣F̂Nu (U(θ(αN)))− F̂Nu (α)∣∣∣
=
4
f˜M (v˘Mα )
(
N−1 (logN) +Oa.s.(N−5/4(logN)5/4)
)
.
Again, in view of the fact that sup
M
1/f˜M(v˘
M
α ) < ∞, we have (∗ ∗ ∗) in the order of
Oa.s.(N
−1 logN) uniformly for allM .
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